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ABSTRACT 
The microscopic eikonal phase shifts with its first and second corrections for π±–nucleus 
collision are calculated by using the expression previously derived for the local Kisslinger 
potential. A physical description to different forms of targets density distributions, are 
implemented. The roles of the Ericson-Ericson Lorentz-Lorentz (EELL) parameter and the 
adjustable scattering amplitude parameters are discussed. The calculated differential cross-
sections include the second-order corrections of eikonal phase shift. The need for modifying the 
effective interaction to account for higher-order corrections, larger scattering angles, and for 
lower incident projectile momentum is discussed. The results of this theory for 
12
C,
16
O,
28
Si,
40,44,48
Ca and 
208
Pb nuclei are shown to yield satisfactory agreement with 
experimental data in the momentum range of 114 to 292 MeV/c. 
Pacs number: 25.80.dj, 25.80. Nv 
Key words: Local Kisslinger optical potential (LKOP), Second-order eikonal phase shift, 
Pion-nucleus elastic scattering, Ericson-Ericson Lorentz-Lorentz (EELL) parameter, Nuclear 
density distributions, pion-nucleon scattering amplitudes.  
I. INTRODUCTION 
Many measurements have been done to study the scattering of pions from nuclei, most of 
them have been made around 𝛥(3,3) energy region in both experimentally and theoretically 
approaches [1-5]. The formation of the 𝛥 is creating а 𝛥-nucleon hole state in the target nucleus. 
In this domain, all the pion-nucleus reactions will proceed [6]. Microscopic models of elastic 
scattering do an important role in describing the data with reasonable agreement with the 
observed data [7-12]. The differential, reaction, and total cross sections have been studied using 
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a variety of theoretical models to understand the pion–nucleus scattering processes and the 
interior nuclear structure. In the framework of the multiple scattering theory based on elementary 
pion–nucleon scattering amplitude obtained from the pion–nucleon scattering data [13]. The 
overall results from the total reaction cross section studies show that a the target nucleus must 
allow the pions to penetrate into its interior to a radius length that is equal to the impact 
parameter [14,15]. It can be shown that nucleons, bound in the nucleus, scatter low-energy pions 
very similarly to free nucleons, so that the nuclear pion interaction can be described by a 
multiple scattering theory [16-19]. 
It has previously been shown that the strong interaction of pions with nuclei at low 
energies is closely related to the 𝜋𝑁 interaction. The interaction of pions with nuclei is described 
quite well by a Kissinger type optical potential and also by local form which is the phase-shift 
equivalent to the Kisslinger potential [20.21]. Johnson [11] presented a phenomenological local 
optical potential which is phase-shift equivalent to the Kisslinger potential [12] on the basis of 
multiple scattering theory by using the Krell-Ericson transformation method [22]. Johnson 
showed a method of reducing the Klein–Gordon equation to the form of a Schrodinger equation 
by redefining some kinematic quantities.   
The use of the local form of Kisslinger optical potential (KOP) to describe the elastic and 
inelastic scattering of nuclear particle becomes a reliable model and widely accepted [23-25]. On 
the other hand, to delineate the polarization of nuclear medium through EELL effect, it is 
necessary to study the scattering of pions at not too high energy [26].  At lower energy, the 
nucleus is more transparent and subtler details of the interaction become clearer. Johnson 
[20,27,28], by studying angular distributions for pion single and double charge exchange, 
discussed that the local form of the potential is desirable when an eikonal approximation is being 
used to evaluate the scattering but never really tested the use of it in low momentum pion-
nucleus scattering. 
LKOP is affected by the values of the scattering amplitude parameters, the density 
distribution model, and the value of EELL polarization parameter. At lower energy, the pion-
nucleon scattering amplitude is relatively weak and the pion is a volume probe. The interaction 
becomes progressively stronger as the energy is raised where the pion-nucleon scattering 
amplitude is dominated by the 𝛥-resonance, the incident pion waves cannot penetrate beyond the 
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surface of the nucleus so their reactions probe densities in the nuclear surface [29]. Pion elastic, 
inelastic, and charge-exchange scattering have all been used to confirm these properties and clear 
signatures of nuclear structure effects [30]. The sensitivity of pions to neutrons and protons is 
exploited by the density distribution form and the EELL parameter which parameterized the 
nuclear medium. We employ the local potential and search for the potential parameters to fit the 
experimental data.   
If one tries to use a model in the analysis of elastic pion-nucleus scattering, there are 
several theoretical methods, such as the distorted-wave Born approximation (DWBA), the 
distorted wave impulse approximation (DWIA), the eikonal approximation, and the phase-shift 
analysis method which could be used to estimate the scattering amplitude [14,15]. The eikonal 
approximation is widely used customary for the description of high-energy potential scattering 
and holds good for small angle scatterings. Due to its appealing simplicity, much attention has 
been paid in order to extend the validity of the model to lower bombarding energies [31]. The 
physical assumption of this model is that the target is almost frozen in its instantaneous position 
during the passage of the projectile with sufficient large incoming momentum through the target 
that its classical trajectory is little deflected from its straightforward direction and the scattering 
angle is very small [32].  
One of the main motivations for our work is to set up a simple framework of eikonal 
phase shift to its second-order corrections which can be extended successfully to estimate the 
differential cross section at intermediate energy and at broad range of scattering angles for both 
light and heavy nuclei. To solidify the conclusions, we investigate the higher eikonal phase shift 
series to show explicitly when the zero-order eikonal becomes comparable to the higher-order 
eikonal terms. Next, we present the results of the study of sensitivity of the associated cross 
sections to the choice of the interaction parameters and the density distribution model used in the 
LKOP. We developed such a system combines the eikonal phase shift to the second-order 
correction with the LKOP using different sets of potential parameters. The present work studies 
the scattering of both 𝜋± by 12C, 16O, 28Si, 48,44,40Ca, and 208Pb at an incident momentum of 120 
to 292 𝑀𝑒𝑉/𝑐. Satisfactory agreement between the local optical-model calculations and the 
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experimental data are obtained for all targets, but only at expense of modifying parameters of the 
calculations. 
 There are four important aspects of this work to focus on: 
1) The validity of the eikonal phase shift and its few corrections which known as Wallace 
corrections or Wallace series in the calculation of the differential elastic cross sections.  
2) The eikonal phase shift gives an obvious good description for the pion-nucleus elastic 
scattering using suitable potential. 
3) The effect of the value of EELL polarization parameter and the scattering amplitude 
parameters on the potential and consequently on the enhancement of the calculations. 
4) The effect of using different types of targets density distributions to be tested and select 
the appropriate one to get the best agreement with the data.  
The paper is organized as follows, in Section II, we outlined the local form of the KOP 
and the role played by the eikonal method and its higher corrections. Section III includes the 
results and their discussions in terms of the pion-nucleus optical model. Finally, Section IV is 
devoted to summarize our main findings and to discuss their implications. 
 
II. FORMALISM 
 
A. Phenomenological Local Potential 
The potential is the fundamental function that rules the scattering process. The local 
transformed form of the LKOP is derived from the Klein Gordon equation by using the Krell-
Ericson transformation [20],[22] 
           𝑈𝐿 𝑟 =
 ℏ𝑐 2
2𝜔
 
𝑞 𝑟 
1−𝛼 𝑟 
−
𝑘2𝛼 𝑟 
1−𝛼 𝑟 
−  
1
2
∇2𝛼 𝑟 
1−𝛼 𝑟 
+  
1
2
∇𝛼 𝑟 
1−𝛼 𝑟 
 
2
  + ∆𝑈𝑐 𝑟             (1) 
where ∆𝑈𝑐 𝑟 =
𝛼 𝑟 𝑉𝑐− 𝑉𝑐
2 2𝜔  
1−𝛼 𝑟 
  is the Coulomb correction. 
The total energy of meson in the centre of mass is expressed as ω. The quantities  rq  
and  r  can be expressed in terms of pion-nucleon scattering amplitudes and the target nucleus 
density distributions with their gradients. The quantities  rq  and  r  are complex quantities 
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depend on energy and target densities (proton and neutron densities). They could be explained by 
the following equations: 
           𝑞 𝑟 = −4𝜋𝑝1 𝑏0𝜌 𝑟 − 𝑒𝜋  𝑏1∆𝜌 𝑟  − 4𝜋𝑝2  𝐵0𝜌𝑛𝑝  𝑟 − 𝑒𝜋  𝐵1𝜌 𝑟 ∆𝜌 𝑟  −
                                                             
1
2
𝜔
𝑀𝑐2
∇2  𝛼1 𝑟 +
1
2
𝛼2 𝑟                                                         (2) 
                                                     𝛼 𝑟 =
𝛼1 𝑟 
1+
1
3 
𝜁𝛼1 𝑟 
+ 𝛼2 𝑟                                                         (3)  
                                                    𝛼1 = 4𝜋
 𝑐°𝜌 𝑟 −𝑒𝜋 𝑐1∆𝜌 𝑟  
1+ 𝜔 𝑀𝑐2  
                                                       (4)                                
                                                𝛼2 = 4𝜋
 𝐶°𝜌𝑛𝑝  𝑟 −𝑒𝜋𝐶1𝜌 𝑟 ∆𝜌 𝑟  
1+ 𝜔 2 𝑀𝑐2  
                                             (5) 
                                                               𝜌 𝑟 = 𝜌𝑛 𝑟 + 𝜌𝑝 𝑟                                                           (6) 
                                                         ∆𝜌 𝑟 = 𝜌𝑛 𝑟 − 𝜌𝑝 𝑟                                                         (7) 
                                                     𝜌𝑛𝑝  𝑟 = 4𝜌𝑛 𝑟 𝜌𝑝 𝑟                                                      (8) 
Here 𝑒𝜋  takes +/− sign relative to the +/− charge state of pions [33]. 𝑀 is the mass of 
the nucleon and 𝜌𝑛 𝑟  and 𝜌𝑝 𝑟  the neutron and proton density distributions normalized to the 
neutron number 𝑁 and the proton number 𝑍, respectively [34]. 𝑉𝑐  is the Coulomb potential due to 
a uniformly charged sphere of radius 𝑅𝑐 = 1.2 𝐴
1
3  𝑓𝑚 [35] and 𝐴 is the target mass number. 
 𝜁 is the EELL correlation parameter. It accounts for the polarization of the nuclear 
medium [24]. There are different ways to derive the EELL effect for the pion-nucleus scattering 
as, optical analogies [36-38], multiple scattering formalism [19], and Watson multiple scattering 
series [39]. By all these methods the EELL effect could be determined nevertheless the exact 
value of 𝜁 parameter. The 𝜁 parameter isn’t exactly known because its determination requires 
taking into account all the effects together which make the calculation unreliable [40]. The first-
order amplitude parameters 𝑏𝑖  and 𝑐𝑖   𝑖 = 0,1  donate terms arising from single nucleon 
scattering. The complex amplitude second-order parameters 𝐵𝑖  and 𝐶𝑖   𝑖 = 0,1  indicate terms 
arising from true pion absorption.  Isovectors and isoscalars terms are denoted by subscriptions 0 
and 1, respectively.  These parameters are energy dependent and their values are fitted on the 
basis of a comparison of the results of calculations with experimental data on the differential 
elastic-scattering cross sections. 
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B. The Higher-Order Eikonal Phase Shift 
We address the problem of including the extent of the validity of the higher-order eikonal 
phase shift to the regime of lower bombarding energies and a broad range of scattering angles by 
Wallace’s expansion [41]. There has been a great deal of effort in describing the scattering 
process between reactants within the frame work of the eikonal approximation method especially 
heavy ions [42]. Basically, in this method the interaction between the projectile and the target 
fields is assumed to be eikonal: that is the projectile propagates among the potential of the target 
without changing its transverse position but picking up an eikonal phase [43]. The eikonal 
approximation is a semiclassical method for the calculating of the scattering amplitude which 
should be valid in the high energy limit at small angles [44]. For strong coupling and large 
incident wave number or intermediate coupling and large incident wave number, the eikonal 
approximation might not yield good results for small angles. In these cases, the validity of the 
eikonal approximation in the small-angle region depends on the sharpness of the edges of the 
potentials [45]. On other words, the validity of eikonal approximation depends mainly on the 
type of potential. 
 Glauber [46] gave the best known development of the eikonal theory. He obtained a Fourier-
Bessel representation of the scattering amplitude which is advantageous because its existence can 
be justified for all angles on general grounds of analyticity in the momentum transfer. However, 
all derivations of eikonal approximations require a small scattering angle in some sense. Wu [47] 
and Saxon [48] introduced the first attempts to determine the leading order correction to linear 
wave propagation. Abarbanel and Itzykson [49] started with generalized eikonal propagator with 
adjustable parameter as a function in α and β free parameters. They tried to find these parameters 
which depends on the potential and obtained a new eikonal type scattering amplitude which work 
for elastic potential scattering when  𝑉𝑜  𝑎/4𝑘 ≲ 1 and 𝑘𝑎 ≳ 1 and work also for the medium 
energy region where  𝑉𝑜  𝑎/𝑘 ≲ 4 and 𝑘𝑎 is slightly greater than 1. 
 Wallace [41] used a technique introduced by Abarbanel and Itzykson [49] to obtain the 
leading corrections to the eikonal amplitude. Wallace proposed a sequence of four 
approximations to the exact impact parameter (Fourier-Bessel) representation of the scattering 
matrix 𝑇 which be represented as an improvement to the Glauber theory and has shown in Ref. 
[41] that a systematic expansion of the scattering 𝑇 matrix can improve Glauber’s theory for 
scattering at larger angles. Accordingly, the expansion of the phase shift function 𝜒 𝑏 , as a 
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power series in the strength of the scattering potential and its derivatives [42].  The elastic 
scattering amplitude of a spin-zero pion incidents on a spin-zero target nucleus is written as  
        𝑓 𝜃 =  𝑓𝑐 𝜃 +   2𝑖𝑘 
−1   2𝑙 + 1 𝑖 exp 2𝑖𝜂𝑙   𝑆𝑙 − 1  𝑃𝑙  cos 𝜃                              (9) 
where 𝑓𝑐 𝜃  is the Coulomb scattering amplitude, k is the centre of mass momentum, and 𝜂𝑙  is 
the Coulomb phase shift [50]. The S matrix is expressed as  
                                            𝑆𝑙 = exp 2𝑖𝛿𝑙 ,    𝑎𝑛𝑑  𝛿𝑙 =
1
2
𝜒 𝑏                                                 (10) 
                                                                                                                              (11)    
where:                            
                     𝜒 𝑛  𝑏 = −
𝑘 𝜇/ ℏ𝑘 2 
 𝑛+1 !𝑏2𝑛
 𝑏2  1 + 𝑏
𝑑
𝑑𝑏
  
𝑛
 𝑈𝑛+1  𝑏2 + 𝑧2 1/2  𝑑𝑧
∞
0
              (12)                 
The zero-order term in Eqn. (12) gives the eikonal phase shift 
                                     𝜒 0  𝑏 = −
𝜇
ℏ2𝑘
 𝑈𝐿 𝑟 
∞
0
𝑑𝑧                                      (13)  
where: 𝑟 =  𝑏2 + 𝑧2. For local potential the first and second order corrections are given, 
respectively, by                                         
                𝜒 1  𝑏 = −
𝜇2
2ℏ4𝑘3
 1 + 𝑏
𝑑
𝑑𝑏
  𝑈𝐿
2 𝑟 
∞
0
𝑑𝑧 
                                =
−𝜇2
2ℏ4𝑘3
  𝑈𝐿
2 𝑟 +
2𝑏2
𝑟
𝑈𝐿 𝑟 
𝜕𝑈 𝑟 
𝜕𝑟
 𝑑𝑧
∞
0
                                                (14)            
               𝜒 2  𝑏 = −
𝜇3
6ℏ6𝑘5
 3 + 5𝑏
𝑑
𝑑𝑏
+ 𝑏2
𝑑2
𝑑𝑏2
  𝑈𝐿
3 𝑟 
∞
0
𝑑𝑧 
                    = −
𝜇3
6ℏ6𝑘5
  3𝑈𝐿
3 𝑟 +
18 𝑏2
𝑟
𝑈𝐿
2 𝑟 
𝑑𝑈𝐿 𝑟 
𝑑𝑟
+
6 𝑏4
𝑟2
𝑈𝐿 𝑟  
𝑑𝑈𝐿 𝑟 
𝑑𝑟
 
2
−
∞
0
                                       
3 𝑏4
𝑟3
𝑈𝐿
2 𝑟 
𝑑𝑈𝐿 𝑟 
𝑑𝑟
+
3 𝑏4
𝑟2
𝑈𝐿
2 𝑟 
𝑑2𝑈𝐿 𝑟 
𝑑𝑟2
 𝑑𝑧                                         (15)   
where 𝑈𝐿 is the optical potential, 𝑏 is the impact parameter, 𝜇 is the reduced mass, and 𝑘 is 
    


j
n
n
j bb
0

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momentum in the center of mass system. The first two derivatives of the local optical potential 
𝑈𝐿 𝑟  are; 
              
𝑑𝑈𝐿 𝑟 
𝑑𝑟
= 𝑐𝑜𝑛𝑠𝑡   
 
𝑑𝑞
𝑑𝑟
 
 1−𝛼 
+
𝑞 
𝑑𝛼
𝑑𝑟
 
 1−𝛼 2
 + 𝑘2  
 
𝑑𝛼
𝑑𝑟
 
 1−𝛼 
+
𝛼 
𝑑𝛼
𝑑𝑟
 
 1−𝛼 2
 +
                  
𝑑∇2𝛼𝑑𝑟21−𝛼+∇2𝛼𝑑𝛼𝑑𝑟21−𝛼2+𝑑𝛼𝑑𝑟𝑑2𝛼𝑑𝑟221−𝛼2+𝑑𝛼𝑑𝑟321−𝛼3+𝑑
∆𝑈𝑐𝑟𝑑𝑟                          (16)              
where,  𝑐𝑜𝑛𝑠𝑡 =
 ℏ𝑐 2
2𝜔
 
        
𝑑2𝑈𝐿 𝑟 
𝑑𝑟2
= 𝑐𝑜𝑛𝑠𝑡   
 
𝑑2𝑞
𝑑𝑟2
 
 1−𝛼 
+
2 
𝑑𝑞
𝑑𝑟
  
𝑑𝛼
𝑑𝑟
 
 1−𝛼 2
+
𝑞 
𝑑2𝛼
𝑑𝑟2
 
 1−𝛼 2
+
2𝑞 
𝑑𝛼
𝑑𝑟
 
2
 1−𝛼 3
 + 𝑘2  
 
𝑑2𝛼
𝑑𝑟2
 
 1−𝛼 
+
2𝑑𝛼𝑑𝑟21−𝛼2+𝛼𝑑2𝛼𝑑𝑟21−𝛼2+2𝛼𝑑𝛼𝑑𝑟21−𝛼3+𝑑2∇2𝛼𝑑𝑟221−𝛼+𝑑∇2𝛼
𝑑𝑟𝑑𝛼𝑑𝑟1−𝛼2+∇2𝛼𝑑2𝛼𝑑𝑟221−𝛼2+∇2𝛼𝑑𝛼𝑑𝑟21−𝛼3+𝑑2𝛼𝑑𝑟2221−𝛼2+
𝑑𝛼𝑑𝑟𝑑3𝛼𝑑𝑟321−𝛼2+5𝑑𝛼𝑑𝑟2𝑑2𝛼𝑑𝑟221−𝛼3+3𝑑𝛼𝑑𝑟421−𝛼4+𝑑2∆𝑈𝑐𝑟𝑑
𝑟2                                    (17)    
The differential cross section is given by 
                                     
𝑑𝜍
𝑑Ω
=  𝑓 θ, Ω  2                                                                (18) 
III. RESULTS AND DISCUSSION  
 
We indicate how the ideas of this work apply on different projectiles and targets at different 
momentum hoping to come to grips with the problems of potential parameters. The values of the 
potential parameters differ with the projectiles, although the target and the incident momentum 
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being the same. In order to prove this we shall have to analyze the elastic scattering cross 
sections for momentum up to 𝑝 =  292 𝑀𝑒𝑉/𝑐 charged pions incident upon 
12
C,
16
O,
28
Si,
40,44,48
Ca and 
208
Pb nuclei by using the eikonal phase shift and its two higher-order 
series. We first consider the effect of adding the two higher-order eikonal phase shift to the zero-
order one. Then we will investigate of the dependence of the local potential and the associated 
differential elastic scattering cross section on the potential’s parameters.  
 
A. The Eikonal Phase Shift  
The eikonal approximation is used to calculate the elastic cross section of 𝜋± with light 
and heavy nuclei at intermediate energies. All the calculations of the differential cross sections 
will be focused on the three types of density models, the charge distribution density CH model, 
harmonic oscillator HO, and two-parameter Fermi 2PF. The best value of 𝜁 =  1, has been used 
in all calculations.  
Fig. 1 shows the effect of adding zero-, first- and the second-order term to the eikonal 
phase shift and by using two-parameter Fermi 2PF density model for π∓ + 44Ca at momenta 
116 and 292 𝑀𝑒𝑉/𝑐, respectively. The enhancement of the calculations is not much affected on 
the forward scattering angles, while the enhancement of the minima is at backward scattering 
angles. Due to the corrections additions alternate behaviour of 𝜋− (up) and 𝜋+ (down) at large 
angles which could be attributed to the charge of the pion.  
Fig. 2 shows adding higher term of eikonal corrections up to the second-order term to the 
eikonal phase shift for larger target mass nucleus 
208
Pb and by using two-parameter Fermi 2PF 
density model. The reaction is  π± + 208Pb at momenta 162 and 291 𝑀𝑒𝑉/𝑐, respectively.  As 
the target mass increases the effect on higher-order terms is more pronounced at lower energies.  
The main feature of addition of the eikonal corrections to the eikonal phase shift is the 
enhancement of the agreement between the theoretical and the experimental data at lower 
energies and forward angles and has reduced effect at high energy.  As the energy increases, the 
effect of the higher-orders is at backward angles for smaller target mass number.  While the 
effect of adding the higher-orders correction is more obvious at wide range of scattering angles 
with larger target mass number.   
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FIG. 1. The elastic scattering cross sections for π∓ + 44Ca by adding up to the second-order terms 
to the eikonal phase shift (a) at 116 𝑀𝑒𝑉, (b) at 292 𝑀𝑒𝑉. 
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FIG. 2. The elastic scattering cross sections for π± + 208Pb by adding up to the second-order 
terms to the eikonal phase shift (a) at 162 𝑀𝑒𝑉, (b) at 291 𝑀𝑒𝑉. 
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Kim [1] presented the eikonal phase shifts, including up to the second-order corrections which has 
been applied to elastic scatterings of the 𝜋±  + 12C systems at momentum 𝑝 =  995 𝑀𝑒𝑉/𝑐 by using 
Wood-Saxon optical potential. The addition of the first- and the second-order corrections to zero-order 
eikonal phase shift gave some variations in the depths of the minimum. The differences between the 
results obtained for the first- and the second-order eikonal corrections were very small. Almost no 
difference was seen in the features of the differential cross sections for 995 𝑀𝑒𝑉/𝑐 charged pion 
elastic scattering on 
12
C nucleus. This is due to the effective potential obtained by using the first- 
and the second-order eikonal corrections having almost the same values.  
Kim [1] focused on high energy and small target with short range of scattering angles up to 
30°. In the present work, we focused on the intermediate energy with small and large nuclei at 
broad range of scattering angles in framework of LKOP. We can see the effect of adding higher-
order corrections has taken place at backward angles and as the target mass increases because of 
significant change in the potential. 
B. The Nuclear Density Distributions 
The local potential terms depend on the target density distribution. Four 
phenomenological models have been used to explain the shape of density distributions for 
12
C,
16
O,
28
Si,
40,44,48
Ca and 
208
Pb nuclei. The models are the charge distribution density (CH), the 
harmonic oscillator (HO) model, the two-parameter Fermi (2PF) model, and the three-parameter 
Fermi (3PF) model, all are used to clarify the general changes in the radial variations of the 
density from one nucleus to another. 
 
i. Charge Distribution Density Model 
 
This distribution gives information about the charge density and hence primarily about the 
proton distribution and it takes the form [9] 
 
                                       𝜌𝑐ℎ 𝑟 =  
𝑍
8𝜋3 2 
 
1
𝑎3
 𝑒𝑥𝑝  
−𝑟2
4𝑎2
 −
𝑐2 6𝑏2−𝑟2 
4𝑏7
 𝑒𝑥𝑝  
−𝑟2
4𝑏2
                        (19)    
                                                                                                                                     
where 𝑍 is the atomic mass number and extended to be taken for neutron density form, its 
domain of use for light nuclei. 𝑎, and 𝑏 are adjustable parameters. This model will be named CH 
model.  
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ii. Harmonic Oscillator (HO) Model 
 
The Harmonic Oscillator (HO) is defined as [25]: 
                          𝜌 𝑟 = 𝜌𝑜  1 + 𝛼   
𝑟
𝑐
  
2
 exp   −   
𝑟
𝑐
  
2
                                                (20) 
 
Where 𝑐 is a parameter related to root mean square radius, 𝛼 is the oscillator constant and 𝜌0 is 
the density of nuclear matter at 𝑟 =  0. 
 
 
iii. Two-Parameter Fermi (2PF) Model 
 
Fermi functions of the form  𝑢𝐹 𝑟 =  1 + 𝑒𝑥𝑝 𝑟 − 𝑅 𝑎   
−1, which provide the most 
realistic representations for the distributions of the densities in medium-mass and heavy nuclei, 
are employed in the present work [51]. The two-parameter Fermi (2PF) is defined as [25]: 
 
                                         𝜌𝑖 𝑟 =
𝜌𝑜𝑖
1+exp   
𝑟−𝑐𝑖
𝑎𝑖
 
                                                              (21) 
 
𝑖 = 𝑛 𝑜𝑟 𝑝 for proton or neutron, where 𝑐 is the half density radius, 𝑎 is the diffuseness 
parameter ( the thickness of the surface layer of nucleus ) and 𝜌0 is the central density parameter. 
 
iv. Three-Parameter Fermi (3PF) Model 
The three-parameter Fermi (3PF) is defined as [52]: 
                                                   𝜌𝑖 𝑟 =
𝜌𝑜𝑖   1+
𝜔𝑖  𝑟
2
𝑐𝑖
2  
1+exp   
𝑟−𝑐𝑖
𝑎𝑖
 
                                                            (22) 
𝑖 = 𝑛 𝑜𝑟 𝑝 for proton or neutron, where 𝑐 is the half density radius, 𝑎 is the diffuseness, 𝜌0  is the 
central density parameter  and  𝜔  is an adjustable parameter.  
All the density forms are subjected to the normalization condition: 
                                                            𝜌𝑖  𝑟  𝑑𝑟 =   𝐴 − 𝑍  𝑜𝑟 𝑍                                             (23)     
where 𝑍 is the atomic number of the nucleus and in particular it leads for 3PF and 2PF density 
models. The root mean square radius for nuclei considered here is calculated according to the 
relation. 
                                                              𝑟2 1 2 =  
 𝑟2𝜌 𝑟  𝑑𝑟 
 𝜌 𝑟  𝑑𝑟 
                                                  (24) 
where the nuclear density is taken as                                           
 
                                                        
                                                                    𝜌 𝑟 =  𝜌𝑛 𝑟 + 𝜌𝑝 𝑟                                                          (25) 
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The input parameters for the four models of density used, and the derived quantities of  𝜌0𝑖 𝑖 =
𝑛, 𝑝 for the different targets are tabulated in Tables 1, 2 and 3. The following discussion will span 
the shapes of the nuclear density for each target nucleus by different density models. 
Table I:  The ground-state density distributions parameters for the three and two Fermi functions 
( 𝑛 for neutrons and 𝑝 for protons). 
Nucleus Model 𝒄𝒑 𝒂𝒑 𝒘𝒑 𝒄𝒏 𝒂𝒏 𝒘𝒏 Ref 
12
C 
3PF 2.002 0.500 0.259 2.002 0.500 0.259 [53] 
2PF 2.500 0.370 0.000 2.500 0.370 0.000 [54] 
16
O 
3PF 2.608 0.513 -0.05 2.608 0.513 -0.051 [55] 
2PF 2.600 0.450 0.000 2.600 0.450 0.000 [20] 
28
Si 
3PF 3.340 0.580 -0.13 3.340 0.580 -0.13 [53] 
2PF 3.140 0.537 0.000 3.140 0.537 0.000 [53] 
40
Ca 
3PF 3.680 0.546 -0.10 3.970 0.420 -0.10 [53] 
2PF 3.420 0.550 0.000 3.420 0.550 0.000 [53] 
44
Ca 
3PF 3.750 0.530 -0.09 4.060 0.470 -0.09 [53] 
2PF 3.550 0.550 0.000 3.520 0.550 0.000 [53] 
48
Ca 
3PF 3.740 0.480 -0.03 4.060 0.460 -0.03 [53] 
2PF 3.470 0.550 0.000 3.360 0.550 0.000 [53] 
208
Pb 
3PF 6.800 0.545 -0.02 6.800 0.545 -0.02 * 
2PF 6.540 0.545 0.000 6.800 0.545 0.000 [20] 
 
* The values stated in all tables are satisfying the root mean square radius for each nucleus. 
 
Table II:  The density of nuclear matter for the three and two Fermi functions 
A.  
B.  
C.  
 
 
 
 
 
 
 
 
 
 
 
 
 
Nucleus Model 𝝆𝟎𝒏 𝝆𝟎𝒑 
12
C 
3PF 0.080 0.080 
2PF 0.075 0.075 
16
O 
3PF 0.083 0.083 
2PF 0.084 0.084 
28
Si 
3PF 0.080 0.080 
2PF 0.084 0.084 
40
Ca 
3PF 0.075 0.075 
2PF 0.095 0.095 
44
Ca 
3PF 0.081 0.082 
2PF 0.106 0.086 
48
Ca 
3PF 0.090 0.080 
2PF 0.114 0.092 
208
Pb 
3PF 0.092 0.06 
2PF 0.090 0.065 
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Table III:  The ground-state density distributions parameters and the densities of nuclear matter 
for the CH and the HO models ( 𝑛 for neutrons and 𝑝 for protons). 
 
 
12
C 
The nucleus 
12
C is studied by using four types of trail functions; 2PF, 3PF, HO, and CH. 
The comparison between the four functions is shown in Fig. 3. The characteristic features of all 
these types of densities are systematically the same. The contributions to the potential that 
depend upon the density and its density gradients will be different. The highest value for the 
density region at 𝑟 = 0 is for the CH model and the lowest one is for the HO model. There is a 
clearly hump for the HO shape near the nuclear surface. The reason for this hump is that at 
𝑟 ≈ 1.0 𝑓𝑚, oscillations peculiar to one-particle wave functions within a nucleus give way to its 
exponential decrease outside the nucleus (wall effect) [56].  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
          FIG. 3: Density distribution models for 
12
C. 
Nucleus Model 𝒂 𝒃 𝒂𝒏𝒅 𝜶 𝒄 𝝆𝟎𝒏 𝝆𝟎𝒑 Ref 
12
C 
CH 0.928 1.260 0.480 0.153 0.153 * 
HO 1.516 2.234  0.071 0.071 [55] 
16
O 
CH 0.928 1.260 0.480 0.205 0.205 * 
HO 1.746 2.000  0.067 0.067 [20] 
28
Si 
CH 
HO 
0.928 1.260 0.480 0.358 0.358 * 
1.723 4.000  0.070 0.070 * 
40
Ca 
CH 
HO 
0.928 1.260 0.480 0.512 0.512 * 
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16
O 
The comparison of the densities distributions for 
16
O is shown in Fig. 4. The highest 
value for the density at 𝑟 = 0 is for the CH and the lowest one is for the HO model. We see also, 
there is a hump for the HO shape positions around 𝑟 = 1.2 𝑓𝑚, as in case of 12C. The density 
value at 𝑟 = 0 , again, is for the CH model became even much higher than the saturation nuclear 
density ≈ 0.17 𝑓𝑚. There is a small difference in density distributions between 2PF and 3PF 
shapes models. 
 
 
 
 
 
 
 
 
 
        
   FIG. 4: Density distribution models for 
16
O. 
28
Si 
All the density distributions for 
28
Si are compared in Fig. 5. The highest value for the 
density at 𝑟 = 0 is for CH which exceeds much the saturation nuclear density value, it could be 
decided that this form of the density won’t be considered to describe 28Si density distributions. 
The lowest density value at 𝑟 = 0 is for the HO model. The hump appears at the HO shape near 
the nuclear surface at 𝑟 ≈ 1.6 𝑓𝑚.  
40
Ca 
The 2PF, 3PF, and HO distributions for 
40
Ca are compared in Fig. 6. The highest value at 
the hump for the density at 𝑟 ≈ 1.7 𝑓𝑚 and exceed the saturation limit for the HO model. The 
hump for the HO shape at 𝑟 ≈ 1.6 𝑓𝑚.  
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      FIG. 5: Density distribution models for 
28
Si. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
    FIG. 6: Density distribution models for 
40
Ca. 
44
Ca 
The 2PF and 3PF distributions are shown for 
44
Ca in Fig. 7. These two models have been 
only used because the CH and HO failed to describe the heavier nuclei as we already seen in Fig. 
5, and Fig. 6. As the atomic weight increases up to that of 
44
Ca nucleus, the density increases 
slightly in the nuclear interior. The highest value for the density at 𝑟 = 0 is for the 2PF. The 
small difference between 2PF and 3PF shapes models exchanges the heights at higher radii. 
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          FIG. 7: Density distribution models for 
44
Ca. 
 
48
Ca 
The 2PF and 3PF distributions are shown for 
48
Ca in Fig. 8. The features are 
systematically the same as 
44
Ca. There is a small difference between 2PF and 3PF shapes models 
within the surface region but clear difference at the core region. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                  FIG. 8: Density distribution models for 
48
Ca. 
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208
Pb 
It is the heaviest nucleus in this work; the 2PF and 3PF distributions are compared in Fig. 
9. The characteristic features of these types of density are that they decrease exponentially very 
closely at large distance 𝑟 > 𝑅 and that it has a plateau at small differences at 𝑟 < 𝑅 [56]. The 
3PF model is deeper than others one at 𝑟 = 0. 
 
 
 
 
 
 
 
 
 
 
 
.  
 
             FIG. 9: density distribution models for 
208
Pb. 
From the graphs of all target densities, the CH model describes the light nuclei 
12
C and 
gives high central values over the saturation density in nuclear matter. While HO model extends 
to 
16
O. 
28
Si and above the density models are limited to 2PF and 3PF in potential calculations. 
All the estimated values of RMS are indicated in Table 4 compared to values from Ref.[57]. 
Table 4 shows RMS values for proton, neutron, and matter densities. It is clear from this table 
the closest root mean square radii to the obtained values [57] are under lined, and shows that 
each density model which is favoured for each target. At 
28
Si,
40,44
Ca and 
208
Pb, the best 
agreement for these nuclei are obtained for the density parameters very close to the values of the 
RMS radius obtained from Ref. [57], two exceptions are obtained for 
12
C and 
48
Ca in which the 
best fit is obtained for densities having RMS radii which doesn’t fit with Ref. [57].We have 
selected the best fit density distributions for each nucleus and confirmed in most cases by the 
value of RMS in Table IV and in all comparative calculations we set the EELL parameter 𝜁 = 1. 
Fig. 10 to Fig. 17 gives a comparison collection between different types of density models for 𝜋± 
elastic scattering.  
Fig.10 and Fig.11 show the angular distributions for π- elastic scattering differential cross 
sections from 
12
C at momentum 180 𝑀𝑒𝑉/𝑐 and 230 𝑀𝑒𝑉/𝑐, respectively. In each figure the 
four different density models are used to predict the calculated values for the differential cross 
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sections. These figures show for all cases considered here reasonable agreement between 
measured differential cross sections and those calculated by using CH model which extends to 
cover nearly the whole range of angles. The CH model gives the best fit for 
12
C and this 
agreement applied on momentum range from 180 to 280 𝑀𝑒𝑉/𝑐 as will be indicated in Fig. 21.  
Fig.12 shows the angular distributions for π+ elastic scattering differential cross sections 
from 
16
O at momentum 240 𝑀𝑒𝑉/𝑐. HO model gives the best fit to the 16O experimental data, 
agreement is very good at momentum 240 𝑀𝑒𝑉/𝑐 for scattering angle up to 30° with the 
experimental data and for backward angles; the agreement takes place in some periods. Fig. 22 
shows the reaction at momentum 114 𝑀𝑒𝑉/𝑐 to 240 𝑀𝑒𝑉/𝑐 with HO density model.  
Table IV:  RMS radii in Fermi for the density distributions used in the present calculations. 
( 𝑛 for neutrons and  𝑝 for protons).  
 
 
 
 
Nucleus
 
Model
 
2/12
pr   
2/12
nr   
2/12
mr   
2/12
mr  [57] 
12
C 3PF 
2PF 
CH 
HO 
2.65086 
2.37569 
2.55894 
2.28497 
2.65086 
2.37569 
2.55894 
2.28497 
2.65086 
2.37569 
2.55894 
2.28497 
2.314 
16
O 3PF 
2PF 
CH 
HO 
2.7264 
2.61858 
2.55894 
2.61915 
2.7264 
2.61858 
2.55894 
2.61915 
2.7264 
2.61858 
2.55894 
2.61915 
2.596 
28
Si 3PF 
2PF 
CH 
HO 
3.22242 
3.14714 
2.55894 
2.64551 
3.22242 
3.14714 
2.55894 
2.64551 
3.22242 
3.14714 
2.55894 
2.64551 
3.001 
40
Ca 3PF 
2PF 
CH 
HO 
3.41142 
3.34698 
2.55894 
2.65923 
3.41142 
3.34698 
2.55894 
2.65923 
3.41142 
3.34698 
2.55894 
2.65923 
3.366 
44
Ca 3PF 
2PF 
3.44256 
3.42726 
3.54624 
3.40864 
3.49949 
3.41711 
3.410 
48
Ca 3PF 
2PF 
3.38469 
3.37773 
3.56398 
3.47719 
3.4904 
3.4361 
3.566 
208
Pb 3PF 
2PF 
5.63248 
5.45701 
5.63228 
5.64454 
5.63236 
5.57137 
5.605 
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FIG 10: Comparison between the four different density models for π− + 12C reaction at 
180 𝑀𝑒𝑉. The experimental data were taken from Ref.[58]. 
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FIG 11: Comparison between the four different density models for π− + 12C reaction at 
230 𝑀𝑒𝑉. The experimental data were taken from Ref.[58]. 
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FIG 12: Comparison between the four different density models for π+ + 16O reaction at energy 
240 𝑀𝑒𝑉. The experimental data were taken from Ref.[59].  
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Fig. 13 studies the elastic scattering of 𝜋± from 28Si at momentum 130 𝑀𝑒𝑉/𝑐 with 2PF 
and 3PF density models. The 2PF at 𝜁 equals 1.0 gives the best agreement with the experimental 
data with positive and negative pions in contrast the results using 3PF model give bad and 
overestimated calculated values. This result is confirmed by Fig. 23 which overviews the 
scattering of 𝜋± from 28Si at momentum 180 to  226 𝑀𝑒𝑉/𝑐. Agreement is excellent for 
scattering angle up to 70° with the experimental data and predicted well maxima and minima 
positions of small angles where for larger angles; the agreement is overestimated. 
In Fig. 14 shows the calculations for the scattering of 𝜋± from 40Ca at momentum 
116 𝑀𝑒𝑉/𝑐 using 2PF and 3PF density models. 3PF model’s results differ significantly from the 
experimental data. When using the 2PF model for the elastic scattering of π± from 40,44Ca, in both 
cases one gets a good agreement with the experimental data as shown in figures 14, and 15, 
respectively. 
In Fig. 16 a comparison of both 2PF and 3PF models for scattering of 𝜋± from 48Ca at 
momentum 180 𝑀𝑒𝑉/𝑐 confirms that, 2PF gives results in excellent agreement with the 
experimental angular distributions with both positive and negative pions. The results predicted 
well maxima and minima positions in the range of agreement.  
Khallaf [25] studied the first-order equivalent local optical potential with zero-range 
distorted wave Born approximation to analyze the elastic scattering of 𝜋± with bombarding 
energies 116, 180, and 292.5 𝑀𝑒𝑉, for 40,44,48Ca nuclei. The 3PF density model was a successful 
model to describe the density distributions of nucleons within nuclei. In the present work in all 
cases of scattering, 3PF model isn’t a prediction model for use and unsuccessfully describes the 
scattering in framework of eikonal phase shift which confirms the strong dependence on the 
density as a potential parameter and consequently on the eikonal approach.  
Fig. 17 shows the scattering of π± from 208Pb at momentum 180 𝑀𝑒𝑉/𝑐. The calculations 
of the differential cross sections are in the same order of magnitude with 2PF model which is 
successfully applied at energies 180 and 291 𝑀𝑒𝑉 as shown in Fig. 21. 
 
Safari [33] used the LKOP to calculate the elastic differential cross-sections for the 
scattering of pions from 
208
Pb and 
12
C nuclei in the energy range of 150 to 292 𝑀𝑒𝑉. The 
calculation was done by using distorted wave Born approximation method. To check the effect 
of the target density distribution on angular distributions, the illustration of the calculation is 
done by using three model distributions; 2PF, 3PF and also Gaussian distribution (G). The 
theoretical and experimental results are almost the same in details by using 2PF density model 
which confirms the realistic representations for 2PF model.  
 
In this work the best agreement is obtained by using The 2PF model to describe the nuclear 
distributions of 
28
Si, 
40,44,48
Ca, and 
208
Pb nuclei. Thus, the calculation of the differential cross 
sections in frame of the eikonal phase shift can be used with the LKOP with suitable density 
model to perform a theoretical analysis for the available experimental data for a broad range of 
scattering angles. 
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FIG 13: Comparison between 2PF and 3PF density models for  π± + 28Si reaction at energy 
130 𝑀𝑒𝑉. The experimental data were taken from Ref.[59].   
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FIG 14: Comparison between 2PF and 3PF density models for   π± + 40Ca reaction at energy 
116 𝑀𝑒𝑉. The experimental data were taken from Ref.[54].   
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FIG 15: Comparison between 2PF and 3PF density models for   π± + 44Ca reaction at 
energy 292 𝑀𝑒𝑉. The experimental data were taken from Ref.[54]. 
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FIG 16: Comparison between 2PF and 3PF density models for   π± + 48Ca reaction at 
energy 180 𝑀𝑒𝑉. The experimental data were taken from Ref.[54].   
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FIG 17: The elastic scattering of  π± + 208Pb by using 2PF and 3PF models with 𝜁 = 1 at energy 
180 𝑀𝑒𝑉. The experimental data were taken from Ref.[60].  
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C.  (EELL) Parameter Effect 
 
In the Kisslinger optical potential [12], 
 
                            2𝜔𝑉 = −4𝜋 𝑏0  𝜔 𝜌 𝑟 − 𝑐0 𝜔 ∇.𝜌 𝑟 ∇                                                    (26) 
 
This potential includes the dependence of the 𝑠 − and 𝑝 − 𝑤𝑎𝑣𝑒 parameters of the pion 
energy 𝜔. When this potential is applied to the scattering of pions by nuclei, a problem can occur 
because of the gradient terms which are known as “Kisslinger catastrophe”. Brown [61] 
discussed this problem as fellow, the p-wave part of the optical potential is 
 
                                           2𝜔𝑉 = −4𝜋𝑐0 𝜔 ∇. 𝜌 𝑟 ∇                                                             (27) 
 
At the limit of low energy, 𝑐0 ≈ 0.65 𝑓𝑚
−3, 𝜌 ≈ 0.16 𝑓𝑚−3 and for a pion propagating in 
nuclear matter  
 
                                                   2𝜔𝑉 = −4𝜋𝑐0𝑞
2𝜌                                                                   (28) 
 
 and the dispersion relation will be  
  
                                              𝑞2 =
𝜔2−𝜇2
1−4𝜋𝑐0𝜌
                                                            (29) 
 
For real values of nuclear matter density, the denominator can be zero and 𝑞2 ⟶  ∞ , 
which is the case of Kisslinger catastrophe. To solve this problem Ericson and Ericson [62] 
introduced a modification to the optical potential. The modification depends on the correlations 
between the nucleons inside the nucleus and the meson exchange between nucleons.  
 
The modified form of the p-wave part of the optical potential becomes 
 
                                           2𝜔𝑉 = ∇.  
𝜌 𝑟 
1+
1
3
 𝜁𝜌  𝑟 
∇                                               (30) 
 
where 𝜁 is the EELL parameter. This modification affects the 𝑝 − 𝑤𝑎𝑣𝑒 part of the potential 
reducing and so avoiding the catastrophe.  
 
 There are different ways to derive the EELL effect for the pion-nucleus scattering as, 
optical analogies [36-38], multiple scattering formalism [62], and Watson multiple scattering 
series [39]. By all these methods the EELL effect could be determined nevertheless the exact 
value of 𝜁 parameter. The 𝜁 parameter isn’t exactly known because its determination requires 
taking into account all the effects together which make the calculation unreliable [40]. 
 
 The (EELL) effect is applied only to the linear term of 𝛼 as shown in Eqn.(3) which 
confirms the fact that the terms of potential, that are quadratic in the nuclear densities, are 
obtained phenomenologically, whereas the linear terms are associated with the free pion-nucleon 
interaction [63].  
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The correlation parameter 𝜁 parameterizes the polarization of the nuclear medium: for 
completely smoothly distributed protons and neutrons in the nuclear medium we have; 𝜁 = 0 and 
the irregular structure of nuclear matter leads to 𝜁 ≠ 0 . As we will see, this parameter affects the 
fitting with the experimental data, such that when 𝜁 is varied, the shape of the curve slides up and 
down along almost the same way as that of the curve itself so we will show its effect on the 
calculations using the values  0.0, 0.4, 1.0  and  1.8 [64]. 
Fig. 18 shows the effect of using four values of 𝜁 ;  0.0, 0.4, 1.0 and 1.1 with 28Si at 
energy 180 𝑀𝑒𝑉. The study of the polarization parameter 𝜁 as an effective parameter on the 
local optical potential shows that, this parameter has an effect at large scattering angles up 
to 60°. The minima increase as the value of 𝜁 increases at smaller angles 𝜃 ≤ 20°. Where at 
larger angles, the minima decrease as the value of ζ increases at angles 𝜃 ≥ 40°. The best value 
of 𝜁 is 1.0 which gives the best fit with the experimental data as already confirmed by others 
[24].  
Fig. 19 illustrates the effect of using four values of 𝜁 ;  0.0, 0.4, 1.0 and 1.8 with 48Ca at 
energy 292 𝑀𝑒𝑉. 𝜁 parameter has no effect at smaller angles but has an obvious effect at larger 
angles 𝜃 > 60°. The minima increase as the value of 𝜁 increases. Again, the recommended value 
of 𝜁 is 1.0. 
Fig. 20 shows the effect of using four values of 𝜁;  0.36, 0.4, 1.0 and 1.3 with 208Pb at 
energy 162 𝑀𝑒𝑉. The values of 𝜁 = 1.0 and 1.8 used before lead to unphysical values, which 
confirms the strong dependence of LKOP on 𝜁 as a polarization parameter. The figure shows that 
the minima decrease as the magnitude of 𝜁 increases. The best value of 𝜁 is 1.0 which gives the 
best fit with the data.  
Fig. 21 illustrates the effect of using 𝜁 of 0.0, 0.4, 1.0 and 1.8 values with 208Pb at energy 
291 𝑀𝑒𝑉. Both of target’s weight and its energy are large, both of dependencies are interfering 
to give a variable effect of 𝜁. The positions of minima vary by varying the magnitude of 𝜁. From 
the results of studying the effect of 𝜁 parameter one can conclude that, this parameter depends 
mainly on the energy and the target’s mass which images the interior of the target. 
 
 
 
 
 
 
 
32 
 
20 40 60 80 100 120
10
-6
10
-4
10
-2
10
0
10
2
10
4
10
6
180 MeV
  
-
-
28
Si
2PF Model
 Exp. Data
 Calculations with  
 Calculations with 
 Calculations with 
 Calculations with 
 
 
 
d

/d

 (
m
b
/s
r)
 
c.m.
[degree]
20 40 60 80
10
-6
10
-4
10
-2
10
0
10
2
10
4
10
6
10
8
292 MeV
  
+
-
48
Ca
2PF Model
 Exp. Data
 Calculations with  
 Calculations with 
 Calculations with 
 Calculations with 
 
 
d

/d

 (
m
b
/s
r)
 
c.m.
[degree]
 
 
 
 
 
 
 
 
 
 
 
FIG. 18: The elastic scattering cross sections of different values for 𝜁 by adding the zero, first 
and the second-order terms to the eikonal phase shift for π− + 28Si with 2PF density model  
 
 
 
 
 
 
 
 
 
 
 
FIG. 19: The elastic scattering cross sections of different values for 𝜁 for π+ + 28Ca with 2PF 
density model.  
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FIG. 20: The elastic scattering cross sections of different values for 𝜁 for π− + 208Pb with 2PF 
density model at 162 𝑀𝑒𝑉. 
 
 
 
 
 
 
 
 
 
 
 
FIG. 21: The elastic scattering cross sections of different values for 𝜁 for π− + 208Pb with 2PF 
density model at 291 𝑀𝑒𝑉.   
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D. Scattering Amplitude Parameters 
The pion-nucleon scattering amplitude depends on the complex first- and second-order 
interaction parameters which are related to the free pion-nucleon scattering parameters through 
the phase shifts. The pion interactions with free nucleons have been fit by Arndt [69] in the form 
of phase shifts. Ebrahim [65] proposed the fitting of the phase shifts by a simple parametrization, 
and the amplitude parameters are readily suited to pion-nucleus optical model codes built upon 
the impulse approximation. The 𝜋-nucleon phase shifts fitting were obtained from the 𝑆𝑀95 
solution incorporated in the program SAID [52] from 30 to 300 𝑀𝑒𝑉 of laboratory-frame pion 
kinetic energy. The form of the parameterization is exactly that of the work of Rowe [70]. This 
form incorporates the threshold behaviour expected on general grounds and the lowest resonance 
for each partial wave. All other 𝜋-nucleon phase shifts were set to 𝑧𝑒𝑟𝑜. The first order 
parameters 𝑏𝑖  and 𝑐𝑖  𝑖 = 0,1  interaction parameters are then used to generate the complex local 
potential and the second-order interaction parameters 𝐵𝑖  and 𝐶𝑖  𝑖 = 0,1  make no difference in 
the fitting and were neglected [65] except the parameters of 
208
Pb are from Ref. [20].  
 In the present work, the use of the previous parameters was failed to give a good fitting 
with the experimental data as shown in Fig. 4. The eikonal phase shift and its higher order terms 
have been calculated using the previous scattering amplitudes parameters from Ref.[65-67], and 
[20] which used with three nuclear density models (CH, HO, 2PF) and for two values of 
polarization parameter 𝜁 = 1, and 1.8. Fig. 4 shows the reactions π+ + 40C and π− + 48C by 
using 2PF model and at momenta 116 and 292 MeV/c respectively. The figure indicates that the 
theoretical results although they come close to experimental data but failed to give a good fitting 
with experimental data. The results as such confirmed that the eikonal model didn’t come very 
well with these parameters from Ref.[65-67].   
The rigidity of such approach pushes the search toward relaxing the calculation of the 
amplitudes not through the systematically calculated amplitudes but with their structural frame to 
get the best possible values to fit all range of targets and energies encourage by others 
Ref.[33,68].  There are systematically differences between the nature of the fits for the 𝜋+ and 
𝜋− data. Because of the difficulties in describing the elastic scattering of different states of pions 
with the help of the same potential and consequently with the same parameters, the 𝜋+ and 𝜋− 
data were treated independently. We use different set of the scattering phase shift parameters for 
each state of charge.  
 In deriving the amplitudes parameters, it is necessary to transform the pion-nucleon 
scattering amplitude from the two-body centre of mass system to the pion-nucleus centre of mass 
system so the values of the complex first order potential pion-nucleon scattering amplitudes 
parameters 𝑏𝑖  and 𝑐𝑖   𝑖 = 0, 1  and the complex second-order parameters 𝐶𝑖   𝑖 = 0, 1  were 
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adjusted to obtain a fit to the data. The most significant difference between the free nucleon 
cases and fitted parameters are that the fitted magnitude of the complex first-order potential 
parameters. Besides, adding values for the second-order amplitudes parameters 𝑅𝑒 (𝐶𝑜), and 
𝐼𝑚 (𝐶𝑜) contributes to give the best fitting in some reaction cases. In most cases, the fitting 
parameters of the present study exceed the calculated values which determined in Ref.[66] and 
Ref.[33]. Finally, comparing with Khallaf [66], they used an equivalent local potential to 
calculate the differential cross sections for π± from 12C, 16O, 28Si and 40,44,48Ca in the energy 
range of 120 to 292 𝑀𝑒𝑉. The potential 𝑈𝐿 added to 𝑉𝐶 into the 𝐷𝑊𝑈𝐶𝐾4 code program and 
calculate the scattering and reaction observables for binary nuclear reactions by using the 
distorted wave Born approximation. The values of the first-order parameters 𝑏𝑖  and 𝑐𝑖   𝑖 = 0,1  
are of the same values for both 𝜋+and 𝜋−scattering at certain beam energy. The agreement 
between the theoretical calculations and data is good by using the 3PF distribution and 𝜁 = 1.0. 
They calculate the differential elastic cross sections of 𝜋+ from 16O at 114 𝑀𝑒𝑉 by using the 
3PF and 2PF distribution and 𝜁 = 1.0 and 1.8. The local potential gives poor agreement with the 
experimental data by both density distributions and with both values of  𝜁 = 1.0 and 1.8.  
Chu et al. [71] compared the differential electron nucleus scattering cross sections by the 
eikonal approximation and the phase-shift analysis method. The eikonal approximation takes into 
account the Coulomb distortion effect partially and it is simple and direct when used to derive 
the differential cross section of elastic electron scattering. Their comparison shows that the 
phase-shift analysis can reproduce the experimental scattering data very well in a broad range of 
scattering energy for both light and heavy nuclei. The precision of the eikonal approximation 
gets better with the increase of the scattering energy, and the eikonal approximation is more 
suitable for light nuclei.  
Also, in Ref.[25] they used the first-order equivalent local optical potential with zero-
range distorted wave Born approximation to analyze the elastic scattering of 𝜋± with 
bombarding energies 116, 180, and 292.5 𝑀𝑒𝑉, for 40,44,48Ca nuclei. The 3PF density model was 
used for the density distributions of nucleons within nuclei with the (EELL) parameter 𝜁 = 1.0. 
The values of the first-order parameters 𝑏𝑖  and 𝑐𝑖   𝑖 = 0,1  are of the same values for both  𝜋
+ 
and 𝜋− scattering at each beam energy. The calculations based on a first-order equivalent local 
potential with no adjustable parameters. This work confirms the using of a local optical potential 
equivalent to the Kisslinger to predict well the elastic scattering cross sections. 
Safari [33] used the equivalent local form of Kisslinger optical potential to calculate the 
elastic differential cross sections for the scattering of pions from 
208
Pb and 
12
C nuclei in the 
energy range of 150 to 292 𝑀𝑒𝑉. For this range of energy the scattering amplitude depends on 
complex phase shifts of pion-nucleon interaction arising from spin and isospin degrees of 
freedom. The calculation of the elastic differential cross-section was done by using distorted 
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wave Born approximation method and by using 2PF, 3PF density model of distributions and also 
Gaussian distribution (G). The potential scattering amplitude parameters 𝑐𝑜 , 𝑐1, 𝑏𝑜 ,𝑏1, 𝐶𝑜 , and 𝐶1  
values are obtained by fitting the theoretical angular distribution to the experimental data values 
for different energy values. The theoretical and experimental results are almost the same in 
details by using 2PF density. The local form of Kisslinger optical potential along with choosing a 
suitable wave function for incident projectile can be used in Born approximation to have an 
acceptable estimate of angular distributions for elastic scattering of pions from nuclei. 
 In the following discussion we are trying to explain the considerable ambiguity over the 
scattering amplitude parameters. There is an increase in the magnitude of the fitting parameters 
comparing with the free-nucleon parameters. In the most cases of study, 𝐵1 =  𝐶1 =  0 at lower 
energy.  
The most significant difference between the free-nucleon and fitted parameters magnitude 
is that for 𝑏𝑖(𝑖 = 0,1) and 𝑐𝑖(𝑖 = 0,1), their magnitudes are generally much larger than free-
nuclean values, as illustrate in Table 5 to Table 11. Fig. 23 to Fig. 34 illustrate the magnitudes of 
the fitted first-order amplitude parameters as a function of energy for 
12
C,
16
O,
28
Si,
40,44,48
Ca and 
208
Pb nuclei with 𝜋±. 
Figs. 23 and 24 show the magnitude of the fitted first-order amplitude parameters as a 
function of energy for scattering of 𝜋+ from small mass number nuclei 16O and 28Si, respectively. 
The figures show a consistent trend in the fitted parameters magnitude except at energy 180 𝑀𝑒𝑉 
in the vicinity of ∆ 1232  when the strong absorption makes the scattering insensitive to the 
potential in the nuclear interior [68]. Figs. 29 and 30 show the magnitudes of the fitted first-order 
amplitude parameters as a function of energy for scattering of 𝜋− from 12C and 28Si, respectively, 
which show the same trend as in case of scattering of 𝜋+ from 16O and 28Si. The difference 
between 𝜋+ and 𝜋− is because of different nature of them.  
Figs. 25 to 27 show the magnitude of the fitted first-order amplitude parameters as a 
function of energy for scattering of 𝜋+ from medium mass number nuclei 40,44,48Ca, respectively. 
The figures show a consistent trend in the fitted parameters magnitude except at energy 180 
MeV. Figs. 31 and 33 show the magnitudes of the same fitted parameters as a function of energy 
but for scattering of 𝜋− from 40,44,48Ca nuclei, respectively, which show the same trend as in case 
of 𝜋+ from 40,44,48Ca nuclei. 
Figs. 28 and 34 show the magnitude of the fitted first-order amplitude parameters as a 
function of energy for scattering of 𝜋+ from large mass number nucleus 208Pb. The figures show 
a completely different behavior than small and medium nuclei. The effect of second-order 
scattering amplitude parameters 𝐶𝑖(𝑖 = 0,1) much affected on the fitting with the large mass 
number nucleus 
208
Pb as illustrate in Table 11. The same trend in the fitted parameters magnitude 
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except with the complex parameter 𝑏1. Again, the difference between 𝜋
+ and 𝜋− is because of 
different nature of them. 
 
Table V: LKOP phase shift parameters for
  12
C target.  Note: in each case the upper number is the 
real part and the lower number is the imaginary part in all the following tables. 
Table VI: LKOP phase shift parameters for
  16
O target. 
 
 
 
Energy Source Data 
b0 
(fm) 
b1 
(fm) 
c0 
(fm
3
) 
c1 
(fm
3
) 
C0 
(fm
3
) 
C1 
(fm
3
) 
120 MeV 
Ref. [65-67] 
Free-Nucleon 
π- -0.0745 -0.1259 0.8008 0.4413 0.0 0.0 
   0.0339 0.0027 0.5539 0.2760 0.0 0.0 
 
Present work 
fitted parameters 
π- 1.50745 -0.1259 0.67008 2.4413 1.012 1.034 
   1.8339 0.0027 2.9539 0.2760 1.032 1.011 
180 MeV Free-Nucleon π- -0.0941 -0.1249 0.0874 0.0539 0.0 0.0 
   0.0474 0.0097 0.9498 0.4726 0.0 0.0 
 Fitted parameters π- 1.1541 -0.1249 0.0874 0.0539 0.0 0.0 
   0.6474 0.0097 3.0498 0.4726 0.0 0.0 
230 MeV Free-Nucleon π- -0.1024 -0.1229 -0.2869 0.1520 0.0 0.0 
   0.0571 0.0148 0.4976 0.2427 0.0 0.0 
 Fitted parameters π- 3.5024 -0.1229 -0.2869 0.1520 2.5 0.0 
   2.8571 0.0148 0.4976 0.2427 2.5 0.0 
Energy Source Data 
b0 
(fm) 
b1 
(fm) 
c0 
(fm
3
) 
c1 
(fm
3
) 
C0 
(fm
3
) 
C1 
(fm
3
) 
114 MeV 
Ref. [65-67] 
Free-Nucleon 
π+ -0.0722 -0.1259 0.8146 0.4513 0.0 0.0 
   0.0326 0.0021 0.4965 0.2473 0.0 0.0 
 
Present work 
fitted parameters 
π+ 1.0722 -0.1259 0.6146 0.4513 0.0 0.0 
   0.0326 0.0021 2.6965 0.02473 0.0 0.0 
163 MeV Free-Nucleon π+ -0.0896 -0.1254 0.3734 0.2049 0.0 0.0 
   0.04363 0.0078 0.9588 0.4778 0.0 0.0 
 Fitted Parameters π+ -0.2896 -0.1254 1.0034 0.2049 1.0 0.0 
   -0.4436 0.0078 2.9588 0.4778 -0.7 0.0 
240.5 MeV Free-Nucleon π+ -0.1031 -0.1223 -0.2865 -0.1548 0.0 0.0 
   0.0588 0.0157 0.4245 0.2051 0.0 0.0 
 Fitted Parameters π+ -1.1031 -0.1223 -0.5865 -0.1548 0.0 0.0 
   1.0588 0.0157 0.4245 0.2051 0.0 0.0 
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Table VII: LKOP phase shift parameters for
  28
Si target 
 
 
Table VIII: LKOP phase shift parameters for
  40
Ca target 
 
Energy Source Data 
b0 
(fm) 
b1 
(fm) 
c0 
(fm
3
) 
c1 
(fm
3
) 
C0 
(fm
3
) 
C1 
(fm
3
) 
130 MeV 
Ref. [65-67] 
Free-Nucleon 
π± -0.0785 -0.1258 0.7559 -0.4132 0.0 0.0 
   0.0362 0.0039 0.6624 0.3302 0.0 0.0 
 
Present work 
fitted parameters 
π+ -0.198 -0.1258 0.3559 -0.4132 0.0 0.0 
   -0.01 0.0039 3.5 0.3302 0.0 0.0 
  π- -0.5 -0.1258 0.3559 -0.4132 0.0 0.0 
   -0.01 0.0039 3.5 0.3302 0.0 0.0 
180 MeV Free-Nucleon π± -0.0941 -0.1249 0.0874 0.0539 0.0 0.0 
   0.0474 0.0097 0.9498 o.4726 0.0 0.0 
 Fitted Parameters π+ 1.3941 -0.1249 0.0874 2.0539 0.0 0.0 
   0.0474 0.0097 3.0498 2.4726 0.0 0.0 
  π- 1.0941 -0.1249 0.1574 2.0539 -2.2 0.0 
   0.0474 0.0097 3.0498 2.4726 -4.0 0.0 
226 MeV Free-Nucleon π± -0.1019 -0.1230 -0.2829 -0.1489 0.0 0.0 
   0.0564 0.0145 0.5298 0.2593 0.0 0.0 
 Fitted Parameters π+ -0.5019 -0.1230 -0.7329 -0.1489 0.0 0.0 
   2.2564 0.0145 0.5298 0.2593 0.0 0.0 
  π- -0.002 -0.1230 -0.4829 -0.1489 0.0 0.0 
   3.0564 0.0145 0.5298 0.2593 0.0 0.0 
Energy Source Data 
b0 
(fm) 
b1 
(fm) 
c0 
(fm
3
) 
c1 
(fm
3
) 
C0 
(fm
3
) 
C1 
(fm
3
) 
116 MeV 
Ref. [65-67] 
Free-Nucleon 
π± -0.0729 -0.1258 0.8109 0.4486 0.0 0.0 
   0.0329 0.0023 0.5124 0.2552 0.0 0.0 
 
Present work 
fitted parameters 
π+ 4.4 -0.4258 -3.7 0.75 0.0 0.0 
   -0.3 0.323 3.65 2.0257 0.0 0.0 
  π- 1.4 -0.4258 -3.9 0.75 0.0 0.0 
   -0.07 0.323 3.65 2.0257 0.0 0.0 
180 MeV Free-Nucleon π± -0.0941 -0.1249 0.0874 0.1303 0.0 0.0 
   0.0473 0.0097 0.9489 0.1058 0.0 0.0 
 Fitted Parameters π+ 1.95 -0.1249 0.90874 0.0539 -2.08 0.0 
   2.09 0.0097 2.5889 0.4722 1.8002 0.0 
  π- 0.95 -0.1249 0.50874 0.0539 0.08 0.0 
   2.59 0.0097 3.2889 0.4722 3. 002 0.0 
292 MeV Free-Nucleon π± -0.1023 -0.1194 -0.2196 0.1303 0.0 0.0 
   0.0651 0.0181 0.2388 0.1058 0.0 0.0 
 Fitted Parameters π+ -1.1023 -0.1194 -0.2196 0.1303 0.0 0.0 
   1.0651 0.0181 1.2388 0.1058 0.0 0.0 
  π- -2.1023 -0.1194 -0.2196 0.1303 0.0 0.0 
   2.5651 0.0181 0.2388 0.1058 0.0 0.0 
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Table IX: LKOP phase shift parameters for
  44
Ca target 
 
 
Table 10: LKOP phase shift parameters for
  48
Ca target. 
 
Energy Source Data 
b0 
(fm) 
b1 
(fm) 
c0 
(fm
3
) 
c1 
(fm
3
) 
C0 
(fm
3
) 
C1 
(fm
3
) 
116 MeV 
Ref. [65-67] 
Free-Nucleon 
π± -0.0729 -0.1258 0.81099 0.4486 0.0 0.0 
   0.0329 0.0023 0.5124 0.2552 0.0 0.0 
 
Present work 
fitted parameters 
π+ 4.5 -0.0258 0.81099 3.4486 2.5 0.0 
   -2.1 0.0013 3.5124 4.2552 1.5 0.0 
  π- 3.5 -0.0258 3.1599 3.4486 0.0 0.0 
   -2.0 0.0013 3.5124 4.2552 0.0 0.0 
180 MeV Free-Nucleon π± -0.0941 -0.1249 0.0873 0.0539 0.0 0.0 
   0.0474 0.0097 0.9489 0.4722 0.0 0.0 
 Fitted Parameters π+ 1.00941 -0.1249 1.50083 3.0539 0.0 0.0 
   1.0474 4.0097 3.789 4.4722 0.0 0.0 
  π- 1.0094 -0.1249 0.4508 3.0539 0.0 0.0 
   1.0474 4.0097 3.989 4.4722 0.0 0.0 
292 MeV Free-Nucleon π± -0.1023 -0.1194 -0.2196 -0.1303 0.0 0.0 
   0.0651 0.0181 0.2388 0.1057 0.0 0.0 
 Fitted Parameters π+ -1.1023 -2.1194 -0.0319 -0.0013 0.0 0.0 
   1.051 0.0181 1.2388 0.1057 0.0 0.0 
  π- -3.1023 -2.1194 -0.0219 -0.0013 -2.0 0.0 
   3.051 0.0181 0.2388 0.1057 -1.0 0.0 
Energy Source Data 
b0 
(fm) 
b1 
(fm) 
c0 
(fm
3
) 
c1 
(fm
3
) 
C0 
(fm
3
) 
C1 
(fm
3
) 
116 MeV 
Ref. [65-67] 
Free-Nucleon 
π± -0.0729 -0.1258 0.8109 0.4486 0.0 0.0 
   0.0329 0.0023 0.5124 0.2552 0.0 0.0 
 
Present Work 
fitted parameters 
π+ 0.209 -0.1258 -1.041 0.4486 0.0 0.0 
   5.0129 0.0023 1.5124 0.2552 0.0 0.0 
  π- -3.809 -0.1258 -1.041 0.4486 2.25 0.0 
   5.1129 0.0023 0.5124 0.2552 -1.2 0.0 
180 MeV Free-Nucleon π± -0.0941 -0.1249 0.0873 0.0539 0.0 0.0 
   0.0473 0.0097 0.9489 0.4722 0.0 0.0 
 Fitted Parameters π+ 2.0941 -0.1249 0.1873 2.0539 0.0 0.0 
   2.0473 0.0097 1.5 0.0722 0.0 0.0 
  π- 2.3941 -0.1249 0.373 2.0539 -1.0 0.0 
   2.2473 0.0097 2.7 0.0722 -1.0 0.0 
292 MeV Free-Nucleon π± -0.1023 -0.1194 -0.2196 -0.1303 0.0 0.0 
   0.0652 0.0181 0.2388 0.1057 0.0 0.0 
 Fitted Parameters π+ -0.9523 -1.6119 -0.5196 -0.1303 0.0 0.0 
   1.0652 0.0181 1.2388 0.1057 0.0 0.0 
  π- -3.1023 -1.6119 -0.2196 -0.1303 0.0 0.0 
   3.0652 0.0181 0.2388 0.1057 0.0 0.0 
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Table 11: LKOP phase shift parameters for
  208
Pb target 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Energy Source Data 
b0 
(fm) 
b1 
(fm) 
c0 
(fm
3
) 
c1 
(fm
3
) 
C0 
(fm
3
) 
C1 
(fm
3
) 
162 Mev 
Ref. [65-67],[20] 
Free-Nucleon 
π± -0.0796 -0.1260 0.4953 0.2764 0.433 2.227 
   0.0417 0.0048 0.5544 0.2763 1.62 4.477 
 
Present Work 
fitted parameters 
π+ 0.179 -0.1260 2.0296 6.5764 0.433 2.227 
   0.012 0.9904 2.854 1.63 1.62 4.477 
  π- 0.179 -0.1260 2.0296 6.5764 0.433 2.227 
   0.012 0.9904 2.854 1.63 1.62 4.477 
180 MeV Free-Nucleon π± -0.0853 -0.1245 0.3671 0.2050 -0.5 1.0 
   0.0451 0.0071 0.6394 0.3185 -1.0 1.0 
 Fitted Parameters π+ -2.8853 -1.1245 -0.7671 0.2050 0.0 0.0 
   2.0451 1.5071 0.6394 0.3185 0.0 0.0 
  π- -0.578 -1.1245 -0.2671 0.2050 -0.5 1.0 
   2.1051 1.5071 1.6594 0.3185 -1.0 1.0 
291 MeV Free-Nucleon π± -0.1088 -0.1189 -0.2026 -0.1123 -0.95 0.0 
   0.0675 0.0209 0.2617 0.1216 -1.9 0.0 
 Fitted Parameters π+ -0.26 -0.1189 -0.35 -0.1123 -0.95 1.0 
   -0.0375 0.0209 0.7217 0.1216 -1.9 1.0 
  π- 1.1 -3.1589 1.75 -0.1123 -3.95 -0.5 
   1.7575 -0.5109 3.321 0.1216 2.9 -0.5 
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FIG. 22. The elastic scattering cross sections by adding up to the second-order terms to the 
eikonal phase shift (a) for π+ + 40C with 2PF density model (b) for π− + 48Ca with 2PF density 
model, both cases are by using the calculated scattering amplitudes parameters from Ref.[67]. 
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FIG. 23. The first order scattering amplitude parameters for π+ + 16O reaction. Each parameter illustrated 
as a function of energies 114, 163, and 240.5 𝑀𝑒𝑉. 
 
 
 
 
 
 
 
 
 
 
 
FIG. 24. The first order scattering amplitude parameters for π+ + 28Si reaction. Each parameter 
illustrated as a function of energies 130, 180, and 226 𝑀𝑒𝑉. 
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FIG. 25. The first order scattering amplitude parameters for π+ + 40Ca reaction. Each parameter 
illustrated as a function of energies 116, 180, and 292.5 𝑀𝑒𝑉. 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. 26. The first order scattering amplitude parameters for π+ + 44Ca reaction. Each parameter 
illustrated as a function of energies 116, 180, and 292.5 𝑀𝑒𝑉. 
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FIG. 27. The first order scattering amplitude parameters for π+ + 48Ca reaction. Each parameter 
illustrated as a function of energies 116, 180, and 292.5 𝑀𝑒𝑉. 
 
  
 
 
 
 
 
 
 
 
 
 
FIG. 28. The first order scattering amplitude parameters for π+ + 208Pb reaction. Each parameter 
illustrated as a function of energies 162, 180, and 291 𝑀𝑒𝑉. 
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FIG. 29. The first order scattering amplitude parameters for π− + 12C reaction. Each parameter illustrated 
as a function of energies 120, 180, and 230 𝑀𝑒𝑉. 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. 30. The first order scattering amplitude parameters for π− + 28Si reaction. Each parameter 
illustrated as a function of energies 130, 180, and 226 𝑀𝑒𝑉. 
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FIG. 31. The first order scattering amplitude parameters for π− + 40Ca reaction. Each parameter 
illustrated as a function of energies 116, 180, and 292.5 𝑀𝑒𝑉. 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. 32. The first order scattering amplitude parameters for π− + 44Ca reaction. Each parameter 
illustrated as a function of energies 116, 180, and 292.5 𝑀𝑒𝑉. 
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FIG. 33. The first order scattering amplitude parameters for π− + 48Ca reaction. Each parameter 
illustrated as a function of energies 116, 180, and 292.5 𝑀𝑒𝑉. 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. 34. The first order scattering amplitude parameters for π+ + 208Pb reaction. Each parameter 
illustrated as a function of energies 162, 180, and 291 𝑀𝑒𝑉. 
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12
C 
Fig. 35 shows the reaction π− + 12C by using CH density model with 𝜁 = 1 at energy 
range from 180 to 280 𝑀𝑒𝑉. At energy 180 𝑀𝑒𝑉, the agreement extends to cover nearly the 
whole range of angles. At energy 200 𝑀𝑒𝑉, the agreement between theoretical calculations and 
data extends to the angle 40°. The positions of the first and second minima are shifted to the right 
of the experimental data. The agreement isn’t good at larger scattering angles  𝜃 >  40°. 
The calculations of the differential cross sections at energies 230 to 280 𝑀𝑒𝑉illustrate 
that, the agreement with data extends to cover nearly the whole range of angles except a small 
shift of first minimum. The calculations are very good at energy 230 𝑀𝑒𝑉 for 𝜃 up to 38°, and 
for the larger angles; the agreement takes place in some periods. The second-order amplitude 
parameters aren’t zero, inserting fitted values for them gives better fit with the data. 
The best density model affected to get best fitting for 
12
C nucleus is the CH model; this is 
decided according to the range of agreement with the data. 
 
16
O 
The HO density model gives better fit for the 
16
O experimental data. Fig. 36 shows the 
elastic scattering of π+ + 16O by using HO density model with 𝜁 = 1 at energy 114 to 240 𝑀𝑒𝑉. 
At energy 114 𝑀𝑒𝑉, the agreement is at the small range of angles 𝜃 ≤  50°. First minimum is 
shifted toward the forward angles. The results aren’t good at larger angles; the theoretical 
calculations are crossing the data. For both cases 163 and 240 𝑀𝑒𝑉, a considerable agreement 
between measured differential cross sections and these data. A small shift appears in the first and 
second minima at 240 𝑀𝑒𝑉. Agreement is very good at energy 240 𝑀𝑒𝑉 for θ up to 30° with the 
data and for larger angles; it takes place in some periods.  
 
At 163 𝑀𝑒𝑉, a considerable agreement between measured differential cross sections and 
the experimental data. At 114 𝑀𝑒𝑉, the best fit is at small angles 𝜃 ≤  50°. First minimum is 
shifted toward the forward angles. The agreement isn’t good at larger angles; the theoretical 
calculations are crossing the data. At 163 𝑀𝑒𝑉, a reasonable agreement with the differential 
cross sections is confirmed. 
28
Si 
Figs. 37 and 38 show the elastic scattering of π± + 28Si by using 2PF density model with 
𝜁 = 1 at energies 130, 180, and 226 𝑀𝑒𝑉, respectively. These fits are in excellent agreement 
with the experimental angular distributions. The results predicted well maxima and minima 
positions. There is an overestimation at larger angles with 180 and 226 𝑀𝑒𝑉. Agreement is 
excellent at energy 180 𝑀𝑒𝑉 in both cases for θ up to 70° with experimental data and for larger 
angles; the agreement is overestimated. 
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 The 2PF density model by using 𝜁 = 1 gives the best agreement with the experimental data 
to describe the nuclear distributions of 
28
Si, 
40,44,48
Ca, and 
208
Pb nuclei. 
 
40
Ca 
Figs. 39 and 40 show the elastic scattering of π± + 40Ca at energies 116, 180 and 292 𝑀𝑒𝑉, 
respectively. These fits are in excellent agreement with the experimental angular distributions. 
The results predicted well maxima and minima positions except a small shift in the second 
minimum toward larger angles with 130 𝑀𝑒𝑉. There is an overestimation in calculated values 
with 180 𝑀𝑒𝑉 at larger angles. Agreement is a very good with the reaction π+ + 40Ca at energy 
292 𝑀𝑒𝑉 for θ up to 20° with data and for larger angles; the agreement takes place in some 
periods. Result is excellent for the reaction π− + 40Ca at energy 180 𝑀𝑒𝑉 for θ up to 58°and for 
larger angles; the calculations are overestimated. 
 
44
Ca 
Figs. 41 and 42 show the elastic scattering of π± + 44Ca at energies 116, 180 and 
292 𝑀𝑒𝑉, respectively. The figures show for all the cases considered, an excellent agreement 
between measured differential cross sections and those calculated. The results predicted well 
maxima and minima positions. There is an overestimation in calculated values with 180 𝑀𝑒𝑉 at 
large angles. Agreement is a very good with the reaction π+ + 44Ca at energy 116 𝑀𝑒𝑉 for θ up 
to 40°with experimental data and for larger angles; the agreement takes place in some positions. 
Satisfactory agreement appears with the reaction π− + 44Ca at energy 116 𝑀𝑒𝑉 for θ up to 
scattering angle 60° with the data. There is an overestimation in the calculated values with 
292 𝑀𝑒𝑉 at large angles with π− projectile. 
 
48
Ca 
Figs. 43 and 44 show the elastic scattering of π± + 48Ca at energies 116, 180 and 292 𝑀𝑒𝑉, 
respectively. These fits are in excellent agreement with the experimental angular distributions. 
The results predicted well maxima and minima positions in the range. Satisfactory results are 
with the reaction π+ + 48Ca at energy 116 𝑀𝑒𝑉 for θ up to 58°. With the reaction π− + 48Ca, the 
first minimum is shifted toward the larger angles at 180 𝑀𝑒𝑉, the agreement is very good at 
energy 292 𝑀𝑒𝑉 for θ up to 50°, with larger angles; the calculations are overestimated. 
 
208
Pb 
Figs. 45 and 46 show the elastic scattering of π± + 208Pb at energies 162, 180 and 291 𝑀𝑒𝑉, 
respectively. With the relative big size Pb nucleus, the fits are in fair agreement. The results 
predicted well maxima and minima positions in the forward direction. Agreement is fair enough 
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with the reaction π+ + 208Pb at energy 162 𝑀𝑒𝑉 for θ up to 58°. With the reaction π− + 208Pb, 
the calculations are in the same order of magnitude with experimental data. There is an 
overestimation in the calculations at all energies. The fair agreement is at small angles. 
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FIG. 35. The elastic scattering of π− + 12C by using CH density model with 𝜁 = 1 at energies 
180, 200, 230, 260, and 280 𝑀𝑒𝑉. The experimental data were taken from Ref.[58].   
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FIG. 36. The elastic scattering of π+ + 16O by using HO density model with 𝜁 = 1 at energies 
114, 163, and 240 𝑀𝑒𝑉. The experimental data were taken from Ref.[59].  
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FIG. 37. The elastic scattering of π+ + 28Si by using 2PF density model with 𝜁 = 1 at energies 
130, 180, and 226 𝑀𝑒𝑉. The experimental data were taken from Ref.[50]. 
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FIG. 38. The elastic scattering of π− + 28Si by using 2PF density model with 𝜁 = 1 at energies 
130, 180, and 226 𝑀𝑒𝑉. The experimental data were taken from Ref.[50]. 
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FIG. 39. The elastic scattering of π+ + 40Ca by using 2PF density model with 𝜁 = 1 at energies 
116, 180, and 292 𝑀𝑒𝑉. The experimental data were taken from Ref.[54]. 
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FIG. 40. The elastic scattering of π− + 40Ca by using 2PF density model with ζ=1 at energies1 
16, 180, and 292 𝑀𝑒𝑉. The experimental data were taken from Ref.[54].  
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FIG. 41. The elastic scattering of π+ + 44Ca by using 2PF density model with 𝜁 = 1 at energies 
116, 180, and 292 𝑀𝑒𝑉. The experimental data were taken from Ref.[54]. 
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FIG. 42. The elastic scattering of π− + 44Ca by using 2PF density model with 𝜁 = 1 at energies 
116, 180, and 292 𝑀𝑒𝑉. The experimental data were taken from Ref.[54]. 
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FIG. 43. The elastic scattering of π+ + 48Ca by using 2PF density model with 𝜁 = 1 at energies 
116, 180, and 292 𝑀𝑒𝑉. The experimental data were taken from Ref.[54]. 
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FIG. 44. The elastic scattering of π− + 48Ca by using 2PF density model with 𝜁 = 1 at energies 
116, 180, and  292 𝑀𝑒𝑉. The experimental data were taken from Ref.[54]. 
 
61 
 
10
-4
10
-2
10
0
10
2
10
4
10
6
10
1
10
3
10
5
20 40 60 80 100
10
-4
10
-2
10
0
10
2
10
4
291 MeV
  
  
 
 Exp. Data
 Calculations
        
  
 
 
d

/d

 (
m
b
/s
r)
180 MeV
 
 
  c.m.[degree]
162 MeV

+
-
208
Pb
   2PF 
    
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
FIG. 45. The elastic scattering of π+ + 208Pb by using 2PF density model with 𝜁 = 1 at energies 
162, 180, and  291 𝑀𝑒𝑉. The experimental data were taken from Ref.[68,60,72]. 
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FIG. 46. The elastic scattering of π− + 208Pb by using 2PF density model with 𝜁 = 1 at energies 
162, 180, and  291 𝑀𝑒𝑉. The experimental data were taken from Ref.[68,50,72].  
63 
 
IV. CONCLUSIONS  
 
In this work the angular distributions of the elastic scattering differential cross sections for 
𝜋±- mesons on 12C, 16O, 28Si, 40,44,48Ca and 208Pb have been measured in the intermediate energy 
from 114 𝑡𝑜 292 𝑀𝑒𝑉/𝑐. The main focus is to use the local Kisslinger model potential (using 
different sets of parameters) to test how well the second-order eikonal model can be reproduce 
the experimental data at lower momentum. The goal is to extract the implications of different 
potential parameters and the higher-orders eikonal phase shift on the differential cross section.  
The particular form of the potential parameters we adopted, it was shown to be quite well 
successful with eikonal phase shift for all the considered reactions. 
Eikonal representation of the potential scattering problem was done by considering the first 
and the second-order corrections terms to the eikonal phase shifts with studying their validity on 
the calculated results. The higher order corrections would clarify the relationship between the 
eikonal expansion and the impact parameter 𝑏. Effects contributing to higher-order terms of 
eikonal phase shift were generally enhanced the results.  The eikonal phase shifts were able to 
reproduce the experimental data shifts at lower energy and wide range of scattering angles. This 
analysis can reproduce the experimental scattering data very well in a broad range of scattering 
energy for both light and heavy nuclei. The precision of the eikonal approximation gets better 
with the increase of the scattering energy, and is more suitable for light nuclei 
The local Kisslinger potential depends on different sets of free adjustable parameters; the 
type of density model, the EELL, and the amplitude parameters. It seems clear that a full analysis 
of these parameters will be required if a detailed comparison is to be made with the experimental 
results. In order to check for possible density-dependent effects, the four sets of density models 
are applied. RMS radius calculations in most cases confirm with the results of Ref. [57]. For the 
nuclear density distributions, it was assumed that the proton and neutron densities were identical 
for small nuclei. From the comparison with the experimental data, the 2PF model of density 
gives satisfactory results with the most cases of interactions. The other three models seem to be 
worse and are nucleus dependent in the sense that, as the mass increases from 𝐴 =  6  to  𝐴 =
 208 the predictions increase in magnitude relative to the data. For example, for 𝐴 =  12 the CH 
model predictions are in a good agreement, for 𝐴 =  16  the HO model predictions are in a good 
agreement. In case of 𝐴 ˃16 the 2PF model predictions gives the best agreement with the 
experimental data.  
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There is an advantage of availability of change the EELL parameter to get the close 
agreement. The correlation parameter 𝜁 parameterizes the polarization of the nuclear medium: 
for a nuclear medium of completely smoothly distributed protons and neutrons such that when 𝜁 
is varied, the shape of the curve slides up and down along almost the same way as that of the 
curve itself. The change of value of 𝜁 changes the depth of the minima. In the present work it is 
found that the best value of 𝜁 is 1.0 than other values 0.0, 0.4, and 1.8. Generally, the effect of 
𝜁 locates at larger distribution angles.  
In deriving the scattering amplitude parameters, it is necessary to transform the pion-nucleon 
scattering amplitude from the two-body centre of mass system to the pion-nucleus centre of mass 
system. Because the LKOP used in our calculations was based upon different parameters, our 
findings lend further weight to scattering amplitude parameters as the most effective role in 
reproducing the experimental data. Also, one of the most significant effects observed is the 
influence of first-order scattering amplitude parameters 𝑏𝑖  and 𝑐𝑖   𝑖 = 0,1  on the enhancements 
of calculations. Besides, adding values for the second-order amplitudes parameters 𝐶𝑖   𝑖 =
0,1 contributes to give the best fitting. The present elastic scattering data can be well reproduced 
by local form of Kisslinger potential with adjustable parameters which rather different than the 
free pion-nucleon values. The adjustable parameters are not able to predict simultaneously 
the 𝜋+ and  𝜋− results with common values of the scattering amplitudes parameters. This result is 
confirmed experimentally by very good agreement to predictions using our parameters. We 
noted that the regularization of the Kisslinger optical potential’s used in this work by the 
introduction of the fitting parameters can serve as a tool to obtain a best agreement with the 
experimental data. The success in fitting the elastic scattering data with this model and with 
some change in free parameters suggest that pions scattering has a great potential for providing a 
successful prob for nuclear structure.   
The close agreement between theory and experiment is mainly for the forward angles and in 
fair agreement with the backward angles, we concluded that the eikonal phase shift could be 
more flexible and desirable for further calculations than just high scattering energy and limited 
range of angles. As a whole the eikonal model description is quite successful as a framework for 
a description of pion-nucleus scattering. There are many interesting further directions that may 
be used to test the success of using eikonal phase shift at intermediate energy. The next step is to 
study its ability to describe the cross-section with other projectiles, targets and forms of potential. 
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Additional work can be made with different forms of density models, and focusing on other 
potential parameters. We look forward to testing this model (LKOP + eikonal phase shift) 
against further experiments and data. 
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